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A SINGULAR LIMIT PROBLEM 
FOR THE ROSENAU-KORTEWEG-DE VRIES 
-REGULARIZED LONG WAVE 
AND ROSENAU-KORTEWEG-DE VRIES EQUATION. 


GIUSEPPE MARIA COCLITE AND LORENZO DI RUVO 


Abstract. We consider the Rosenau-Korteweg-de Vries-regularized long wave and Rosenau- 
Korteweg-de Vries equations, which contain nonlinear dispersive effects. We prove that, as 
the diffusion parameter tends to zero, the solutions of the dispersive equations converge to the 
unique entropy solution of a scalar conservation law. The proof relies on deriving suitable a 
priori estimates together with an application of the compensated compactness method in the 
L p setting. 


1. Introduction 

The dynamics of shallow water waves that is observed along lake shores and beaches 
has been a research area for the past few decades in the area of oceanography (see mm- 
There are several models proposed in this context: Korteweg-de Vries (KdV) equation, 
Boussinesq equation, Peregrine equation, regularized long wave (RLW) equation, Kawa- 
hara equation, Benjamin-Bona-Mahoney equation, Bona-Chen equation and several oth¬ 
ers. These models are derived from first principles under various different hypothesis and 
approximations. They are all well studied and very well understood. 

The dynamics of dispersive shallow water waves, on the other hand, is captured with 
slightly different models like Rosenau- Kawahara, Rosenau-KdV, and Rosenau-KdV-RLW 
equations mmmmm- 

In particular, the Rosenau-KdV-RLW equation is 

(1.1) dtu + ad x u + kd x u n + b\d xxx u + b 2 df xx u + cd^ xxxx u = 0, a, k, b±, 62, c € M. 

Here u(t, x ) is the nonlinear wave profile. The first term is the linear evolution one, while 
a is the advection (or drifting) coefficient. The two dispersion coefficients are b\ and 62 . 
The higher order dispersion coefficient is c, while the coefficient of nonlinearity is k where 
n is the nonlinearity parameter. These are all known and given parameters. 

In (S3, the authors analyzed (ED- They got solitary waves, shock waves and singular 
solitons along with conservation laws. 

In the case n = 2, a = 0, k = 1, b\ = 1, 62 = —1, c = 1, we have 

(1.2) d t u + d x u 2 + dl xx u - df xx u + df xxxx u = 0. 

Choosing n = 2, a = 0, k = 1, 62 = 61 = 0, c = 1, (11.11) reads 

(1.3) d t u + d x u 2 + df xxxx u = 0, 
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which is known as Rosenau equation (see USUI]). Existence and uniqueness of solutions 
for (11,31) has been proved in 131 . 

Finally, if n = 2, a = 0, k = 1, b\ = 1, 62 = 0, c = 1, (11.11) reads 

(1.4) d t u + d x u 2 + dl xx u + d\ xxxx u = 0, 
which is known as Rosenau-KdV equation. 

In [ 20 J, the author discussed the solitary wave solutions and (El. In [9], a conservative 
linear finite difference scheme for the numerical solution for an initial-boundary value 
problem of Rosenau-KdV equation was considered. In the authors discussed 

the solitary solutions for El with solitary ansatz method. The authors also gave two 
invariants for (11.41) . In particular, in [15], the authors studied the two types of soliton 
solutions, one is a solitary wave and the other is a singular soliton. In [19j . the authors 
proposed an average linear finite difference scheme for the numerical solution of the initial¬ 
boundary value problem for El- 

If n = 2, a = 0, k = 1, b\ = 0, 62 = — 1, c = 1, (11.11) reads 

(1.5) d t u + d x u 2 - dl xx u + d\ xxxx u = 0, 
which is the Rosenau-RLW equation. 

In this paper, we analyze El and El- Arguing as [5], we re-scale the equations as 
follows 

(1.6) d t u + d x u 2 + [3d xxx u - 0l x u + P 2 d^ xxxx u =0, 

(1.7) d t u + d x u 2 - /3df xx u + /3 2 d^ xxxx u =0, 
where /3 is the diffusion parameter. 

We are interested in the no high frequency limit, we send (3 —>• 0 in (11.61) and (11.71) . In 
this way we pass from ED and El to the equation 

(1.8) dtu + d x u 2 = 0 

which is a scalar conservation law. We prove that, when /3 —>• 0, the solutions of ([1.6D and 
El converge to the unique entropy solution (11.81) . 

The paper is organized in three sections. In Section d we prove the convergence of 
(11.61) to (11.81) . while in Section [3] we show how to modify the argument of Section [ 2 ] and 
prove the convergence of (11.71) to (II.HJ) . 

2. The Rosenau-KdV-RLW equation. 

In this section, we consider (11.61) and augment it with the initial condition 

(2.1) u(0,x) = u 0 (x), 

on which we assume that 

(2.2) u 0 € L 2 (I)ni 4 (R). 

We study the dispersion-diffusion limit for (11.61) . Therefore, we consider the following 
fifth order approximation 

dtu £ ,p + d x u 2 e p + fjd xxx u e fi - f3df xx u e ^ 

T/3 dt xxxx u £ j3 sd xx u £t fj, 
u £ ,p( 0,x) = u £t/3fi (x), 


(2.3) 


t > 0, x € R, 
x € M, 
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where u St pfi is a C°° approximation of uq such that 

u e ,p, o ->• u 0 in Lf 0 C (R), 1 < p < 4, as £, P ->■ 0, 

ll w e,/3,oll jr, 2 (R) T x,4(M) (P £ ) II^E^e^olli 2 ^) — ^0> £,/3 > 0, 

{P £ + /?£ 2 + /3 2 ) ||^ x U ei/ g ) o|| L 2( R ) + (/3 2 £ 2 + P 3 ) H^xxx^e.yS.oll^^) < Co, £,/3 > 0, 

P — ^0? > 0; 

and Co is a constant independent on e and (5. 

The main result of this section is the following theorem. 

Theorem 2.1. Assume that ( 12 . 21 ) and (12.41) hold. If 

(2.5) P = 0(£ 4 ), 

then, there exist two sequences {£ n }neN; {AijneN, with £ n ,Pn ~> 0 , and a limit function 

u € L°°(M + ;L 2 (M) nL 4 (l)), 

stic/i that 

(2.6) u £n,/3n u strongly in L^ oc (M + x M), for each 1 < p < 4; 

(2.7) u is the unique entropy solution of (11.81) . 

Let us prove some a priori estimates on u e>f 3 , denoting with C*o the constants which 

depend only on the initial data. 

Lemma 2.1. For each t > 0, 
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( 2 . 8 ) 


u £,pifi ’) II L 2 (R) + P II d x U e fi(t, •) ||£2(r) 


■I" P ||^xx^e,/3(^) )|Il 2 (R) + ^£ J \\^x U £,p( s i •) ||^ 2 (R) ds < Co- 

In particular, we have 

(2-9) \\ u £,p(ti ■)IIi / oo(r) —CoP * 1 

( 2 - 10 ) \\d x u £ ,p{t,-)\\ Loo(m <C Q pr\. 

Proof. Multiplying (12.41) by u St p, we have 

u £,P^tU e ,p + 2'U’ £ ,pd x U S: /3 + Pu £t pd xxx u £: /3 

~ ft U £,pdtXX U £ ,P "h P U £,/3^tXXXxU £ ,P = £ U e ^d xx U £t p. 


( 2 . 11 ) 


/» ~\_ cl 

J^'U‘£,pdt'U'£,/3dx = - — II u £,p(fi ')IIl 2 (r) 1 

2 / u 2 e pd x u e ^dx = 0 , 

Jr 

P / u £,pdlxx u £,P dx = / d x u £ ,p<% x u £) pdx = 0, 

J M JR 


-p / u £) pdf xx u £t pdx = 


P_d_ 
2 dt 


r.U, 


:J>M II 


L 2 (R) 


P / U £,P^t XXXX u £ ,pdx Pi ^x U £,pdtxxx U £,P dx 

Jr Jr 


Since 
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: 2 dt W^ xU£ ’^' ')IIl 2 (k) 


£ J u e ^dl x u E}P dx = - e || d x u E}0 (t, Ollia^R) ■ 


Integrating (12.lip on M, we get 

12 


( 2 . 12 ) 


fa \\ u £,p(t’ ") llz, 2 (M) + P fit \\® xUe >P(t> ’) Hl 2 (R) 

d 


+ ? T+ \\dl x u e ,p{t, -)|| L 2 m + 2e || d x u £jP ft, • 


dt 

follows from (12.41) . ()2.12f) and an integration on (0, t). 
We prove (|2.9D . Due to (12.81) and the Holder inequality, 


= 0. 


a £j p(tix) — 2 / u £i pd x u £i pdx ^ 2 / |u £)/ g||cLc 

i-oo «/R 

— 2 ||u £i( g(t, •) ||x, 2 (M) ') Hl 2 (R) — G)/3 2 - 

Therefore, 

K,/9(M)| < Co/3 - ^! 

which gives (12.91) . 

Finally, we prove (12.101) . Thanks to (12.81) and the Holder inequality, 

d x u 2 £j3 (t,x) =2 [ d x u £t pdl x u £j pdx < 2 f \d x u £> p\\d xx u £} p\dx 

J — oo J R 

<2 II d x u £j f)(t, Oil L 2 (R) II d xxUe,p(t, 0 || L 2 (m) < Cop-'iCop- 1 < Co/3" 


Hence, 


that is ( 12 . 101 ) . 


\\dxU £ ,p(t, 0 |lx°°(]R) — Cq/3 4 , 


□ 


Following |3l Lemma 2.2], or [5, Lemma 2.2], or [3 Lemma 4.2], we prove the following 
result. 


Lemma 2.2. Assume (12.51) . For each t > 0, 

i) the family {u £> p} £i p is bounded in L°°(M + ; L 4 (R)); 

ii) the families {ed x u £t p} £} p, {y/Jidl x u £ ^} £ ^, {s^/pdf x u £ ^} £ ^, {E/3d% xx u £t p} £> p, 
{PVP d %xx u e,p} £ ,p, { Pd$ xxx u £ ,p} £ ,p are bounded in L°°(M + ; L 2 (M)); 
in) the families {/3^/ed? xx u £t p} £ ,p, {Py/Pidf xxx u £t p} £> p, 

{e[3^/]3dl xx u £y p} £ .p, {y/eu £} pd x u £t p} £t p, {e^d 2 x u £j p} £t p are bounded in 

L 2 (R + x R). 

Moreover, 

(2.13) pj \\d x u £ ,p(s,-)dl x u £t p(s,-)\\ Ll{Wi) ds <C 0 e 2 , t > 0, 

(2.14) /3 2 \\d 2 xx u £ ,p(t,-)\\l HR) ds<C 0 e 5 , t > 0. 

Proof. Let A. B, C be some positive constants which will be specified later. Multiplying 

m b y 

'' 4/3 - A f jsd txx u e,p - Be 2 d 2 xx u £ p 3 + CI3 2 d xxxx u £j p, 
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we have 


(2.15) 


( u %p - A P £d txx u e,P - B£ 2 d 2 xx u e . fj + Cp 2 d* xxx u £>fj ) dtUeft 

^ ( u e,P A P £ ^txx u £,P Be d xx U £ fi + Cf 3 d XXX x u E,p) u e,P^x u e,P 
+ P { u 'Lj 3 - A P ed txx u e,p - Bs 2 d xx u e fi + cp 2 d* xxx u £t p) d'i 


We observe that 


' h* \ £,p r' c,Ky txx £,p ^xx^SiP \ ^ H '~ / xxxx Uj £,p) ^x: 

- /3 (u'lp - Af3edf xx u e jj - Be 2 d 2 xx u e3 + Cp 2 d* xxx ii £t p) df a 
+ P 2 { u l,p ~ A P ed txx u e,p - BE 2 d 2 xx u £ ,p + C(3 2 d$ xM ) dl 
= £ { u l,p - A P £d txx u e,p - Be 2 d 2 xx u £ ,p + Cp 2 dP xxxx u e ^) d 2 x . 


*xxx^£,P 

hxX^E-jJ 

hxxxx^£,P 


'xx U £,P- 


/ ( u e,p A P £ dtxx u £,/3 Be d xx u £i p + C[3 d X xxx u £,p) dtu £ fidx 

J R 

( 2 - 16 ) =\j t IK p(P ") 11Z/4 (R) + Ape II dLu e ,f}(t, C 

n J). J J 


+ 


We have that 
2 


^ \\u £ ,p(t, -)IIl4( R ) + Af3s \\d tx u £j p(t, Oll^^) 
~ 114%,„(t,Ofe,,, + P^j t II d'Lu,,„(t, oil 


2 

L 2 (R) ’ 


(2.17) 


Since 


t 

/ ( u e,8 A P £ ^txx u e,P Be" d xx U £ ^ + C(3 d XXX x u £,fS ) u e,P^x u e,pdx 

J R 

= 2A(3e / u £ fld x u £ fldi xx u £ fldx 2 Be / u £j pd x u £ ^d xx u £ ^dx 

J R J R 

- 2C/3 2 [ (d x u £ fi) 2 d xxx u E fidx - 2Cf3 2 f u £ .gd 2 x u £ ^df 

J M J R 


J xxx^£ 


:,pdx. 


-2 C(3 2 / (d x u £ ^) 2 dl xx u £ fi - 2C/3 2 / u £ ^d 2 xx u £ ^dl xx u efi dx 

J M J M 

(2.18) =5C/3 2 / {dl x u £j p) 2 d x u £i pdx 

J R 

= [ ( d x u £ ,p ) d xxx u £i pdx , 

z JR 

it follows from (12.17|) and (12.1811 that 

^ / ( w e,/3 — A P £ &txx u z,P ~ Be d xx u £j p + C/3 d xxxx u £ ^ u £ ^d x ii £i pdx 

J R 

= —2A(3e / u £t/3 d x u £ ^d? xx u £t/3 dx - 2 Be 2 / u £ ^d x u £fi d 2 x u e ^dx 

(2.19) Jr Jr 


5C7 ? 2 


[dx u £,p) 9 X xx u e,pdx 


We observe 


P 


u l,p - A P £d txx u e,p - Be 2 ^XX^£y p + C/3 2 

^XXXX u e,p) dl xx u £ ,pdx 

= -3/3 / u 2 pd x u £ fid 2 xx u £7 pdx - A/3 2 e / d xxx u £ ^ xx u £ ^dx. 

«/r «/r 


( 2 . 20 ) 
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We get 


/3 / ( AP£d^ x B e d xx u £)0 + C/3 d xxxx u e ^'j d^ xx u £i0 dx 
Jr 

(2.21) = 3/3 / ul 0 d x u £ ^ x u £y0 dx + Af3 2 E\\df xx u 6 ^(t,-)\\ 2 L2{R) 

J M 

B[3£ d || 9 /, \ ||2 C (3^ d 11 o . x 112 

3 ~ 77 | d xx u £ ,p(t, *)||i,2( K ) H y~ j 7 \\dxxx u £,p{t-> ') 11 i,2(nt) ■ 


2 dt 


We have that 


P / (^e,/3 A fd£^txx^E,fi Be d xx u £t0 -+■ C/3 d xxxx u £: p) d^ xxxx u £t0 dx 

d M 

(2.22) = -3/3 2 J^ul t0 d x u £}0 df xxx u Et0 dx + OH^ 


B/3 2 e 2 d I, 3 


+ 


2 dt 


\\^xxx U £,p(^’ ') 11Z/ 2 (EE.) 


CP 4 d ,, 4 
II . 


2 dt 


xxxx^s 


:,/9(V) 


Moreover, 


(2.23) 


/ (^e,/? AP£d^ xx u £j0 Bs' J d xx u £ fi + C/3 d xxxx u £ ^ d xx u £0 dx 

d R 


= —3e ||tt £i/3 (f, -)d x u £) p(t, ■ 


2 APe d || 2 /, M|2 


2 dt 


||^xx“e,^(*) ’)|Il 2 (K) 


- £ 3 B || d 2 xx u e ^{t, •)||i 2(K) - P 2 eC \\dl xx u £ , 0 (t,-)\\ 2 L 2 m ■ 

It follows from (12.161) . (12.191) . (12.201) . (12.211) . (12.221) . (I2.23|) . and an integration of (|2.15l) 
on K that 

d (1 || . ...4 (Aps + Bps 2 + C/3 2 ) || 2 / . 112 \ 

dt ( 4 ^ 2 ||^xx u e,^(*j ") || Z, 2 (K) ) 


d Be 2 


dt 


\\d x u £: p(t, •) ||X/ 2 (k.) + 


(. Bp 2 s 2 + C/3 3 ) 


||^xxx u £,/3(^) ’)|Il 2 (R) 


+ 


CP 4 d n 4 


2 dt 


II dxXXX U E,p(ti ') 11 X.2 (]R) + ApE\\d? x u £t0 (t,-)\\ L2{R) 


(2.24) 


+ Ap 2 E || d? xx u E)0 {t, Oll^afR) + a P 3 £ \\d$ xxx u £ , p {t, 0||22 W 
+ 3 £ \\u £t0 (t, 0 d x u £> p(t, OilZ/ 2 (m) 3~ £ B ||3 a . a .n £!( g(t, 0 ||l 2 (r) 

+ P 2 sC \\d//. xx u £! p(t, 0||x,2 { 8) 

2APe I u £ 0 d x u £ ^ 0 d^ xx u £ ^ 0 dx 2 Be I u £0 d x u £ ^ 0 d xx u £j0 dx 
d M d M. 

5C/3 2 f f 

77 / (d x u £}0 ) d xxx u £}0 dx — 3/3 / u £ gd x u £t0 d xx u £j0 dx 

Z JR JR 

+ A/3 2 e / d^ xx u £)/3 df xx u £t p -3 P u 2 pd x u £t pc% x u e ,pdx 

d R d M 

+ 3/3 / u £ gd x u £t0 d- txxx u £j0 dx. 

Jr 
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Due to the Young inequality, 


2A(3e 


(2.25) 


/ U E,pdxU£,pdtx X U £,t3 dx\ <Ae \2u e jd x u e j\ /3d? xx u £:/3 \dx 
J M J ]R 

— 2,Ae || u £; p(t, -)d x u £: / 3 (t, -)|| 3 \\^txx u £,/3(ii ') 11 z, 2 (M) > 


2 Be 2 


/ u £if} d x u £i pd 2 xx u £ fidx 

<f 

£*u e £ d x u £) p 

£2 2Bd 2 cx u £ii3 

Jr 

Jr 




dx 


< 


2 \\ U £,pif"> m )dx U E,p{t, •) II X, 2 (M) 3~ £ || ’) 11 L 2 (R) ■ 


Hence, from (12.241) . 


d ( 1 I, , ,,.4 (4/3e + B(3e 2 + C/3 2 ) .. 2 ,, \i |2 

~dt I 4 ll Ue >^^’ ')IIl 4 (K) ^ 2 ’)|Il2(R) 


d Be 


dt 


(Bf3 2 £ 2 + C/3 3 ) 


+ 

+ 


C/3 4 d ,, 4 


2 dt 

A/3 2 e 


2 ||^x%,/6l(^) Oil x,2(k) + 2 

’)|li 2 (R) 3"" A(3e || d^ x 1l £ ^ (t, ‘) 11 ^2 


H^xxx^e,^^) ')|| 


(2.26) 


ll^txx^e,/?^’ ’) 11 Z> 2 (M) Aft £ || dtxxx u £,p(t'> ’ ) 11 Z/ 2 (K.) 


Y 24 j e \\u £> [)(t, 0 d x u £> f)(t, -)llz, 2 (R) 3 “ @ ||^x xx u £,/ 3 (ti 0 ||^ 2 (]g) 

+ (B-2B 2 )£ 3 \\dl x u £ At,-)\\l, m 

5C(3 2 f f 

- / ( d x u £} / 3 ) \d xxx u e fi\dx + 3/3 / u e ^\d x u £ ^\d xx u £ ^\dx 

A Jr Jr 

+ A/3 2 e / | d xxx u e,/3 11 dtxx I dx + 3/3 / ul p \d x u ei p\\6^.u e ,p\dx 
J M J ]R 

+ 3/3 2 / u 2 £ ^\d x u £ ^\\df xxx u £ ^\dx. 

Jr 


From (1231) . we have 
(2.27) 


/3 < C 2 e 4 , 


where D is a positive constant which will be specified later. It follows from (12.101) . (12.271) 
and the Young inequality that 

[ {d x u £ ,p?\dl xx u £ ^\dx = p 2 C I -^T(d x u £ ^f 
2 Jr Jr 2 s 2 


£2 d 3 


,U, 


E,/3 


< 


25C/3 2 


C/3 2 e 


< 


< 


8 £ 
25 C 
8 e 

C 0 /3^ 


ip X U £t p) dx + ll^xx^e,/^, 0||i 2 (R) 


/3 ||9 x U e!/ g(t, -)||£oo(]j) ||9 x tt £ii a(t, -)||£2 (jj) 3 ^ ||^xxx u e,/9(^> 0||i2(R) 


C7 / 3 ^£ 2 

u £,p( t ' 0IIl 2 (R) 3 2 ll^cxx^e,^) ‘) 11 Z,2(]R) 


C/3 2r 2 

— CqDe \\d x u £ ^(t, -)\\ L 2 (gj 3 - ||^sxx u e,/3(^) *) 11 Z ,2 (r) 


(2.28) 
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Due to (12.91) . (12.271) and the Young inequality, 


3/3 / ulp\d x u ei p\8% x u e> p\dx < 3/3\\u £ ,p(t,-)\\ 2 Loom / \d x u £ ^\d 2 xx u £ ^\dx 
Jr Jr 


( 2 - 29 ) <C Q p* / \d x u e fi\\dl x u et p\dx < / e*d x u £ fi CoDe*dl x u e i(9 

J M J M 

< £ || 9 x M e!( g(t, ‘)IIl 2 (R) + ^0 e3 ')||l 2 (R) ' 

Thanks to the Young inequality, 

1 


dx 


(2.30) 


Af3 2 £ \dl xx u £i p\\df xx u £t p\dx = A/3 2 E \2dl xx u £ ^\ 
J M J M 


:d? 


’txx u £,P 


dx 


A/3 2 e 


— 2^4/3 2 £ \\d xxx u £> p(t, -)||i 2 ( R ) + g \\®txx u £,p(ti -)|| L 2 (R) ■ 
It follows from (12.91) . (12.271) and the Young inequality that 


3/3 [ u 2 e,p\dxu £ ,p\\d 2 x u £ ^\dx = /3 [ 
J R «/R 


3 u %pd x u £ ,p 

1 1 

£2A2dl r U £ ,8 

£ 2 A 2 



dx 


< 


9/3 f 4 /a \ 2 j , / 3 £A 


2 c 7 l /„ U iA d x U e,p) 2dx + — II d tx u eA^ ‘ ) 11 Z,2 (R) 

9 


(2.31) 


— %eA^ W Ue ’Ptt> Oil L°°(R) ll' u, £,/S(^ ')dx u e,p(ti ■) IIZ , 2 (M) 

+ ^||^(i,-)||I 2(R) 

< K,/K*» ')dxU e ,fi(t, -)|£ 2(R) + ||^r« e ,j 8 (t, 011 ^ 

< IK/K*, -)9xUs,p(t, -)||i2 (R) + ||C« e ,/3(^ -)||l 2 (r) • 


Again by (|2.9I) . (12.271) and the Young inequality, 


3/3 2 u 2 pd x u £ ji 


I .1 

£ 2 A 2 


3/3 / u, e)( g|c/ x u £( a||c/ £ 3 . 3 . 3 .tt £)/ g|( 3 x — / 

J R «/R 

" 9/3 [ u iA d ^ u e,p) 2 dx + ^-^\\df xxx u £ ^(t,-)\\ 
Jr z 


/32£2A2d? xxx u £tfj 


dx 


2 eA 

9 


— 2eA^ ’)Hl°°(k) II' u £,/3(^> ')d x u £} /3(t, OilZ/2( R ) 

P 3 eA 
2 

Co M 


< 


+ 0 ")|| L 2 ( R ) 

\\ u £,p{t-> m )9 x U £l p(t, -)IIl 2 ( R ) H ^ ||^t®®® u e,/3(*> •)|Il 2 (r) 


< ^pe||«e,/9(^-)3*« eij 8(t,-)|lL2 (R) + || d?xxx u e,f)(t '" 2 


L 2 (R) 


(2.32) 
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From 


(E26D, (I 2 T 28 T) . (1^291) . arm , doni 




d 1 1 ,,.. n >»4 . ( 4 & + + C/3 2 ) „ a2 .. u ,„2 ' 

4 ll n £>/HT 'Jllz,4( R ) + 2 ||°xx u £,/W> /|Il2( R ) 


dt l 4 


9 + CB 3 ) „ , 

||9 x M £)/ 9(t, •) ||^2(j{) 4 ^ ||^xxx u e,i9(^> ') | 


+ dt y 2 ’)H_L 2 (K) 4" 2 ||^xxx u e,/ 

c/3 4 d n 4 \ 112 fieA ,, 2 ,,2 

' 2 dt II • xxxx u e,P\^i V|Il 2 (jj) + 2 ll^tx^e,^ W /||l 2 (]]j) 

( 2 - 33 ) + ||Cx^,/3(^ Oll^K) + 0||l2 (R) 


')\\l 2 o 


+ 

+ 


P e ^ r, ||9 3 , a . 3 ,'it £)l g(t,") 11X, 2 (k) 

— 271 -^— ^ e || U£,p{t, ')dxU £t p(t, •)II2 2 (r) 


+ {B~ 2 B 2 - D 2 C 2 ) e 3 -)||' 2(K) 

— Co e \\dx u e,p(t, ') II Z^ 2 (M) ' 

We search A, B, C such that 


5 _ . C 0 D 

~T 


- — 2A — 


> 0 , 


2 A 

B-2B 2 - D 2 Cl > 0, 
C 

~2 


C 

--2A>0, 


that is 

(2.34) 

We choose 

(2.35) 


4A 2 - 5A + 2C 0 D < 0, 
2 B 2 - B- D 2 Cl < 0, 
C > 4 A. 


The 


C = 6 A 

first inequality of (|2.34l) admits a solution, if 

25 - 32 C 0 D > 0, 


that is 
(2.36) 


D < 


25 

’’ “ " 32 C 0 ' 

second inequality of ([2.341) admits a solution, if 

1 - 8D 2 Cq > 0 , 


The 


that is 
(2.37) 

It follows from (12.361) and (12.371) that 


D < 


V2 

4 Co' 

25 V2 


a /2 

4C q ' 


(2.38) 


D < min 


326*0 ’ 4C * 0 
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Therefore, from (12.341) . (12.351) 


•om nz.,-S4i) . iiz.ooii ai 
, such that choosing 

M < 


sing 

A < A 2 , B\ < B < Bo, C = QA, 


0 < Bx < B 2 , 

(2.39) 

(12.341) holds. 

m and 11233ft give 

d /1 I. , . ,|4 (A(3s + H/3e 2 + 6H./3 2 ) .. 2 , .m 2 \ 

^ (4 ')Hl 4 (M) _l 2 ll^xx^e,/^) ■)|Il2( R )J 

| 114%,-)iii% R ) + .)|| 2 11(R) 

+ II dxxxx u e,p(t-> •)|| L 2 (r) H || dtx u e,p(t, -)|| L 2( R) 

0 * n9 .0 ... ,.o 


+ 


||Ct*M(*> -)Hi 2(R) + -)||l2 (R) 

P eH ^d xxx u £ fi{t, ■)||/ ; 2 ( R ) + eK\ \\u £t p(t, -)d x u e fi(t, •)||^ 2 ^ R ) 

2 M n o .m2 . „ || „ , .||2 


+ 

II ->!-'■ ' I I ±j- " - 11 - ' ■ ' -- -II- 

+ e 3 K \ i \d xx u £: / 3 (t,-)\ i \ L2 ^ < Cq£ \\d x u £) p(t, ')IIl 2 (k) 


for some K \. K 2 > 0. 

H 2 H), O and an integration on ( 0 , t) give 


4 ')IIl 4 (k) 

Be 2 

+ -TT- 113 


+ 


(A/3e + H/3e 2 + 6H/3 2 ) ||f)2 u ^ ||2 

2 ||^xx u e,/3(^ ') 11 x,2 (]RJ 

. I|2 (^?/5 2 e 2 + 6A/3 3 ) .. 3 ||2 

: u £,p(t, ’) IIl 2 (R) 2 ||^xxx u £,/ 3 (^i ■) 11 X , 2 (M) 


+ 3^4/3 4 ||3 4 ^ £>/ ?(*, -)||?, 2(R) + J o PlueAs, ■)||^ 2(R) 


G?S 


•J l 

3A/3 2 e /‘ < ||fl3 __ ^ M|2 , ^/? 3 e 

g J o \\dtxx u £,p( s i ') 11 x,2 (EE.) ds + 2 


+ 

+ /? 2 eA 

+ s 3 K 2 


J‘\K„u cA s,.)\\1. 


Hence, 


nt ^ ft 

I \\dxxx U £,p( S ’>')\\L 2 (^d s zK-i I \\u £ fl(s, ')d x U £ ^(t, • 

rt ^ 

! l ||^xx u e,/3( s ) ')|| 2 2 (R) 

<Cq + Cq£ J \\d x u £t p(s, ')||^ 2 ( R ) ds < Cq. 


||' w e,/ 3 (^; ") ||Z/ 4 (M) — ^ 0 5 
e \\^x u £,p(t 1 0 IIZ/ 2 (M) — ^ 0 , 

y/P £ H^XX^£,/3(^> ’) II £2( R ) <Cq, 

£ \[P \\^xx u e,l3(t, •)|| L 2( R ) — Cq, 
P \\dxx u e,/3(to ■)|| i 2( R ) <Co; 

P £ || 3rxx^£,/3(^i ’) || L2( R ) —Co, 


and 
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’) || L 2 (K) < 0 ), 

@ H^XXXX^Ej^^) ’)|Il 2 (R) <C 0 , 

rt 

P £ I ||^tx w e,/3( s ) ')11i,2(]RJ ^ S —Cq, 

rt 

/3 2 e I \\dlxx u eA s 5 ')IL 2 (r) ds <C 0 , 

/ ||^to« £ ,/3(s, OIIz^r) ds <C 0 , 

rt ^ 

fd £ J ||^xxx^£,^(®! )||_L 2 (R) ^ — Cq, 

£ J ||^£„s(^) ■) d x Ue,^{t, -)ll^(R) ds —Co, 

rt 2 

^ J ||^a;x^£,^(®) ") || L 2 (M) ds — Gb 

for every t > 0 . 

Arguing as O Lemma 2.2], we have (12.131) and (I2.14I) . □ 

To prove Theorem 12.11 The following technical lemma is needed [L2], 

Lemma 2.3. Let Ll be a bounded open subset ofM. 2 . Suppose that the sequence {AijneN 
of distributions is bounded in TT _1,00 (f2). Suppose also that 

T,I — LL\ <n T J-' 2 ,n, 

where (TgnjneN lies in a compact subset of H/^(Ll) and {£ 2 ,n}neN lies in a bounded 
subset of Miodyt). Then {£ n }neN lies in a compact subset of H/^Ll). 

Moreover, we consider the following definition. 

Definition 2.1. A pair of functions ( rj,q ) is called an entropy-entropy flux pair if rj : 
M —>• R is a C 2 function and q : R —>• M is defined by 

q(u) = [ A£rf(£)d£. 

■Jo 

An entropy-entropy flux pair (rj, q ) is called convex/compactly supported if, in addition, rj 
is convex/compactly supported. 

Following mi. we prove Theorem 12.11 

Proof of Theorem \2.1\ Let us consider a compactly supported entropy-entropy flux pair 
(r],q). Multiplying (|2.3D by rf(u £ _/), we have 

9 tv{u £ ,p) + d x q(u £} p ) =erf (u £ ^)d 2 xx u £ ^ - flfl(u £ ^)dl xx u £ ^ 

- flr{(u £ fi)d\ xx u £ fi + P 2 v'(u £ ,h) 9 t xxxx u £ ^ 

=h, e,P + h, £, P + h, e,p + 1 4 , e,p + h, e, p 

+ h,e,P + h,e,P + h,e,Pi 
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where 


(2.40) 


A ,e,/3 = dxi^V ( u £,j3)dxU £! fl), 

-^2,e,/3 £V {V‘£^f3){Bx'U’E,f)) i 
I 3 ,e ,/3 = 9 x {—f3ri (u Ej p)d xx u e ,p), 
Ia,e,P = fif] ( u £,p)d x u £t pd xx u £t i3, 

I5,e,p = d x {—pT] (u £ ^')d-f :x u £t p) , 

,e,f) = PV {u £t fj')d x U £t /jd-f x U £} fj, 

Ii,£,fi = 9 x {/3 rj (u £t p)d txxx u £t p), 

Is,£,p = ~P V { u E,())9 x u £ fidt xxx u £) p. 


Fix T > 0. Arguing as |H Lemma 3.2], we have that Ii, e ,p —> 0 in H 1 ((0,T) x R), and 
{h,£,p}s^>o is bounded in ^((0^) x R). 

Arguing as m Theorem 1.1], we get 1 % )£)j g —> 0 in H 1 ((0,T) x R), and Ia,e,^ —t 0 in 
L 1 ((0, T) x R). 

We claim that 

h,e,p 0 in iL _1 ((0, T) x R), T > 0, as e —s- 0. 

By (12.511 and Lemma [2721 

IK 7 ? {u £i p)dt x u £ fi || L 2 (( 0)T ) xR) 

^ IkllLocfR)^ 2 ^ \\9tx U S,p(t> ■) |lz, 2 (R) dt 

= IMlL-ofR) 1 dt 

— Co \\v ILoo( R ) — < Co ||rj || L oo( R ) e 0- 

We have that 

Io, £ ,p —t 0 in L 1 ((0, T) x R), T > 0, as e -» 0. 

Due to (12.51) , Lemmas 12 .1112.21 and the Holder inequality, 


11 Pv {u £ fi)d x u £ fid tx u £ fi 11 Ll (-( 0jT ) xR ) 

— IK IIl°°(r) @ [ [ \9x , u £) pd tx u E fi\dtdx 

J 0 t/M 


— IK IL°°(R) £ IK®“e,0ll.L 2 ((O,T)xR) II^ W £>/3 Hl 2 ((0,T)xR) 
— Co |K IL°°(r) ~ — Co IK IL°°(r) £ *-*• 

We claim that 

h,E,p —>■ 0 in H~ 1 ((0, T) x R), T > 0, as e —>• 0. 

By (12.511 and Lemma [2721 

IK 7 ? ( Ue >PAt XXX . u £ ,p\\L 2 ((0,T)xR) 

— P IK IL°°(R) IKi®xa:^ e i/Hlz/ 2 ((0,T)xR) 

L°°( R) 11 9f X xx^£,0 11L 2 ((0,T)xR) 
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P 


— G> \\v 11Loo(K) £ — ^0 \\v ||L° 


0 . 


We have that 

h,e,p ~t 0 in L 1 ((0, T) x M), T > 0, as e —>• 0. 
Thanks to (12.51) . Lemmas 12.1 M2.2l and the Holder inequality, 

\\P V ( u £,p)dx u £,/3dt xxx u £,l3 Hl 1 ((o,T)xR) 

P 2 11' v" || L oo (R ) [ [ | d x u e ,pdt xxx u E> p\dsdx 

JO J M. 

11 —— II^' u £,/3|Il 2(( 0T ) xR ) 11 ^txxx^£,0 11L 2 (( 0 ,T)> 


< 


<h 


\L°°( 


< Co U 


P* 


< Co U 


0 . 


Therefore, (|2.6I) follows from Lemma 12.31 and the L p compensated compactness of [ T 8 j . 

To have (12.71) . we begin by proving that u is a distributional solution of (11.81) . Let 
4> € C 00 (M 2 ) be a test function with compact support. We have to prove that 


(2.41) 

We define 

(2.42) 

We have that 


poop r 

/ / (udt4> + u 2 d x (f) dtdx + / uo(x)(f>(0, x)dx = 0 . 

Jo J R J R 


l £n,Pr 


•— 


+ £n 

+ / 


n r 

(u n d t 4> + u 2 n d x 4>) dtdx + / uo, n (x)(j)(0,x)dx 
: Jr 

n r oo 

u n d xx (j)dtdx + e n / uo,n(x)dx X 4>(0,x)dx 

[ Jo 

n ro o 

u n d xxx (j)dtdx + f3 n / u 0 , n {x)d xxx (j)(0,x)dx 
: 4o 

n s f°° s 

u n d txx (j)dtds — (3 n / u 0l n{x)d txx (l)(0,x)dx 

L */0 

n roo 

u ndf xxxx c/)dtds -p n u 0 , n (x)df xxxx (j)(0 , x)dx = 0. 

: 4o 

Therefore, (12.411) follows from (12.41) and (12.61) . 

We conclude by proving that u is the unique entropy solution of (11.81) . Fix T > 0. Let us 
consider a compactly supported entropy-entropy flux pair (rj, q), and 0 e ^“(( 0 , 00 ) x M) 
a non-negative function. We have to prove that 


(2.43) 
We have 


poor 

/ / ( dtq{u ) + d x q(u))<f>dtdx < 0 . 

Jo Jr 


POOP 

/ / (d t r](u n ) + d x q(u n ))</>dtdx 
Jo Jr 

n r cxdp 

d x (rj'(u n )d x u n )<t>dtdx - e n / / r]"(u n )(d x u n ) 2 (l)dtdx 
: 4o 7 r 

POOP 

~Pn d x (r)'(u n ) d xx u n ) (frdtdx 

Jo Jr 
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n poop 

r\'{u n )d x u n d 2 xx u n pdtdx - P n / / d x (r/(u n ) d 2 x u n )pdtdx 
: Jo Jr 

n r oop 

il" {u n )d x u n d 2 x u n pdtdx + p 2 / / d x (r\ (u n )df xxx u n )pdtda 
i Jo Jr 

POOP 

/ / v"( u n) d x u n tf xxx u n 0dtdx 
Jo Jr 

POOP 

r\ {u n )d x u n d x (j>dtdx + p n / rf {u n )d 2 x u n d x pdtdx 

Jo Jr 


-K 

Pi 

+ Pn 

+ Pn 
-R 2 

Hn 


n poop 

v"(,u n )d x u n d xx u n (j)dtdx + /3 n / rf {u n )d 2 x u n d x pdtdx 

i Jo Jr 


POOP 

/ / ri"{u n )d a 
Jo Jr 


u n &t x u-n.pdt dx — (3, 


POOP 

/ / r/(u n )d } 
Jo Jr 


'txxx u nd x (j)dtdx 


r]"(u n )d x u n df xxx u n pdtdx 


n POOP 

W(u n )\\d x u n \\d x p\dtdx + P n / / \r]'{u n )\\dl x u n \\d x p\dtdx 

[ J 0 J M 

n POOP 

W( u n)\\d x u n \\d xx u n \\p\dtdx + P n / / |r/ / (it n )|||a| c it n ||9 x ^|dtda; 

1 J 0 J M 

n POOP 

WXu n )\\d x u n \\d? x u n \\(j)\dtdx + Pl / / |r/'(?x ri )||5 t 4 ra;i; Mn||9x^Mida 
l J 0 J M 


POOP 

+ Pl \if {u n )\\d x u n \\d? xxx u n \pdtdx 

Jo Jr 

- £n IML^R) W^ U n\\L 2 (supp(d x <p)) 11 ^ ^11L 2 (supp (d x <t>)) 

+ Pn \\V || L oo( R ) ||^2( sup p (d x (j>)) 11 ^ 11 L 2 (supp (d x <t>)) 

+ Pn \\v || L oo( R ) II^IIl°°(R+xR) ||^®' u n^x u n|Li(supp(^)) 

+ Pn IhlLoo^) 11 P'tx^n 11 L 2 ( supp (d x <j>)) 11 ^ ^ 11 X 2 (supp (&<?>)) 

+ Pn \\v ||l°°(R) II^IIl°°(R+xR \\^Undtx u n\\ L i^ supp ^ 

3- Pn \\v ||l°°(R) 11 Ptxxx u n \ \ L 2 ( supp (^0)) 11 ^®*^ Hi 2 (supp (d x <j>)) 

+ Pn \\V ||l°°(R) II0IIl°°(R+xR) \\^Undtxxx u n\\ L i^ supp ^ 

— £n ll T ? / |L°°(R) II^® u 7i|Il 2 ((0,T)xR) II^®0IIl 2 ((O,T)xR) 

3- Pn ||?? ||l°o(R) ||^x'®' u «JIl 2 ((0,T)xR) II^IIl 2 ((0,T)xR) 

+ Pn ||?? Hl°°(R) II^IIl°°(R+xR) ll^' Un, ^®® lin llL 1 (( 0 ,T)xR) 

+ Pn ||?? ||l°°( R ) ll^?®' Un llL 2 ((0,r)xR) H^^IIl 2 ((0,T)xR) 

+ Pn ||?? Hl°o( R ) II^IIl°°(R+xR) 11 Px^nPtx^n\\ j^i ((o,T) xR) 

+ Pn ||?? ||l°°(R) H^?®®® ttn llL 2 ((0,T)xR) II^^IIl 2 ((0,T)xR) 

Pn ||?? ||l°°(R) H^Hl°°(R+xR) 11 PxU n d txxx U n 11 Ll (( 0 T ) xR ) • 


(12.431) follows from (12.51) . (12.61) . Lemmas 12.11 and EH? 1 
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3. The Rosenau-RLW equation 

In this section, we consider (ED and augment (11.71) with the initial condition 
(3.1) u(0,x) = u 0 (x), 

on which we assume that 


(3.2) 


u 0 € L 2 (I)nL 4 (K). 


We study the dispersion-diffusion limit for ED. Therefore, we consider the following 
fifth order problem 


(3.3) 

where u £) 

(3.4) 


d t u £i p + d x u 2 ej3 - [3df xx u £ ^ + (3 2 dt xxxx u £j p = ed 2 x u £j p, 
u £ , p ( 0 ,x) = w £j/ 3 ,o(x), 

_o is a C°° approximation of uq such that 
Ue,p,o Uo in Tf oc (K), 1 < p < 4, as e, /3 -A 0, 
ll U £,/3,o|li2( R ) + \\Us,P,0\\l*(R) + P £ ll^a;a;' u £,/3,o|| i 2( R ) < Cq, 


and Co is a constant independent on e and f3. 

The main result of this section is the following theorem. 


t > 0 , ieK, 
x £ R, 


e, j3 > 0 , 


Theorem 3.1. Assume that (13.21) and (12.41) hold. If 

(3.5) /3 = 0(e 4 ), 

then, there exist two sequences {e n }neN> {/l n } nG p}, with £ n ,Pn —>• 0 , and a limit function 

u € L°°(M + ;L 2 (M) fU 4 (l)), 

such that 

(3.6) u £n,/3 n u strongly in Lf oc (R + x M) ; for each 1 < p < 4; 

(3.7) u is the unique entropy solution of (11.81) . 


Let us prove some a priori estimates on u £t p, denoting with Co the constants which 
depend on the initial data. 

We begin by observing that Lemma 12. II holds also for (13.31) . 

Following 13 Lemma 2.2], or (a. Lemma 2.2], or [3 Lemma 4.2], we prove the following 
result. 


Lemma 3.1. Assume (13.51) . For each t > 0, 

i) the family {u £: p} £ ^ is bounded in L°° (R + ; L 4 (M)); 
ii) the family {ey/]3d 2 x u £j p} £j p is bounded in L°°(R + ; L 2 (R)); 
in) the families {^/pidf x u £j p} £t p, {PV^df xx u £ ,p} £ ,p, {Py/pedf xxx u £> p } £i(3 , 
{y/eu £j pd x u £i p} £j p are bounded in 
L 2 (R + ’xl).’ 

Proof. Let A be a positive constant which will be specified later. Multiplying (13.31) by 

u e,p - A P ed txx u e,p, we have 

( u e,l3 ~ A (3 £ dtxx u £,p) + 2 (u £ j g — A/3sd txx u £: p) u £j pd x u £t f 3 

- P - A P £d txx u e,p) d? xx u £ ,p + P 2 {u^p - Apedf xx u £ ,p) d? xxxx u £ ,p 
= e (ul p - Afl£df xx u £t p) d xx u E> p. 


(3.8) 
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Since 

= 4 dt •)II L 4 (r ) + A P £ || d tx u £j p(t, -)|| L 2 ( R ) > 


{ u l/3 - A ( JjEd 't XX Ue,!i) d t Ue,(id.X =~ 

B dx = - 2 A/3e / u £ _ / 5 <9 X u £ ^df xx u £) pdx , 

JR 


2 / («e,/9 - A P £ &t X x u e,p) U £) pd x U £) pdx = - 
Jr 


«/ JR. 

~P / («e,/9 - A f j£d txx u s/j) d? xx u £t pdx =3/3 / 
J M «/ 1R. 

02 / («e,0 - A P ed txx u e,p) 9txxxx u e,pdx = - 3/3 : 


/3 2 / (*4/3 “ A P ed txx u e,p) ^txxxx 

Jr 

e / (*4/3 - A P ed t xx u s,p) d xx u £ ,pdx 

J M 

integrating (13.81) on M, we get 


- 3/3 / u £ pd x u £ ^d txxx u £ ^dx 
Jr 

+ j4/3 £ || d^ xxx u £ ^(t, ■)11X/(m) ’ 

= — 3e ||u eji g(t, -)d x u £ fi(t, •)||^ 2 ^) 


d_ /I 

dt \ 4 


(3.9) 


■ H u e,/ 3 (i> ')IIl 4 (R) + 9 ll^' U £,d(^’')|I l2( R )^ 

+ A P £ ||3L*m(*> ' ) 11 j /2 (R) + a P 2 £ II d? xx u £}f) (t, .)|| 2 2 (r) 
+ A(3 3 £ || -)||l2(R) + 3e ll^fr ■) d x u £j p(t, •) 


+ A/3 £ || <dt xxx u £,p(t, ■)11i,2( R ) 3~ 3e \\ u e,p{ti ’)9 x U e ,p{t, ■)II^ 2 ( R ) 

= 2A(3e / u £ 'f B d x u £ fldt xx u £ fldx 3/3 / u £ B d x u £ ^df X u £ gdx 
J M J ]R 

+ 3/3 / u e pd x u £j pd txxx u £ ^dx. 

J R 

It follows from (|2.25|) . (12.271) . (12.31 p . (12.321) and (13.91) that 

d (l n . ... 4 A/3e 2 n 2 /, . 112 \ 

d/t ^4 H Ue, ^(*’ ')Hi 4 (K) 3 2 l+^^dW ■)|| i 2( R ) J 

-A/3£ M _o . || 2 2 l/ 3 2 £||_, ,, . || 2 

3 II ®tx u e,p(t) ') 11 Z/ 2 (R) 3 2 ll^te®^/ 3 ^’ +Il 2 (R) 

3 - £ (3 — 2 A^j || u £i p{t, -)d x u £ fi(t, •)||^2( R ) 

er .. . 0 


+ 


\\9t xxx u e,p(t, ’)||z, 2 (r) 


< 0. 


2 ■■ 

where D is a positive constant which will be specified later. 
We search a constant A such that 


3 - 


2C 0 -D 

—j -2vl > 0, 


A 


that is 

(3.10) 

vl does exist if and only if 

(3.11) 


27l 2 -3 A + 2 C 0 D < 0 . 


9 - 16C 0 D > 0. 
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Choosing 

(3.12) 


D = 


1 


I6C0 ’ 


it follows from (13.1011 and (13.111) that there exist 0 < A\ < A 2 , such that for every 
(3.13) Ai < A < A 2 , 

(13.1011 holds. Hence, we get 

,4 . A(3e 2 ,, x n 2 


\ u £,p{t, 0IIl 4 (R) + 2 \\®xx u e,p(t> ■) II Z, 2 (M) 


dt \ 4 


(3.14) 


Aj3e n o \i|2 A/3' 2 £ m _3 . 112 

4 2 _ \\dtx u e,p(ti ■) 11Z/ 2 (M) 4 2 ||^txx u e,^(^) 


+ e/ii \\u £ fi(t, -)5 x u e|( g(t, ■) II J C/ 2 (M) 4" 2 ll^txxx^£,/9(^i ) ||L 2 (K) — 6- 

where K\ is a fixed positive constant. Integrating (13.1411 on (0, t), from (13.4H . we have 


1„ s,,4 , A 3 /3e [ 


4 \u e ,p{t, ^ 


+ 


')||l 2 (R) 

f l || rj2 M|2 , A 3 f3 2 £ f 1 n q3 _ xl|2 

2 0|| L 2( K ) ^ J ||^tex lt £,/3( s ) 0||l 2 (R) 


ft ft 2 

4 “ e -^i J \\ u £,/ 3 ( s , ')d x u £j fj(s, •) d-s 4 ~ J \\dt xxx u £ ^(s, •) 11^2^) — ^*o 


Hence, 



\\ U E,p(P-> 0 Z,4( R ) 

<C* 0 

|| dxx u £,p(fi 0||x,2(jjj 

<C* 0 

/4e / ||^L« t 

Jo 

-A s ^ 

0||l 2 (R) 

ds 

VI 

P 2 Z [ \\ d txx u >- 

J 0 

^( S > 

o| L 2 (r) 

ds 

VI 

/ \\u£,p(s,-)d x u ( 
Jo 

r,/3(«, 

0 Il 2 (R) 

ds 

VI 

P 3 Z [ \\dtxxx u £ 

Jo 

^( S > 

o| L 2 (r) 

ds 

VI 


for every t > 0 . 

Now, we are ready for the proof of Theorem 13.11 


□ 


Proof of Theorem 13.11 Let us consider a compactly supported entropy-entropy flux pair 
(r],q). Multiplying (|3.3D by r/(u e g). we have 

dtv{u £ ,p) + d x q(u Ei p ) =er)'{u £j p)dl x u ej p - fir)'(u £ ,p)d} xx u £ fi + ^rf {u £ ^)d\ xxxx u £ ^ 

=h, £, /3 + h, e, p + 63 , £,0 + h, £, p + h, e, 0 + h, £j p , 



















G. M. COCLITE AND L. DI RUVO 

= dx(,£V (V'e,f})d x U e fl '), 

^2,e,/3 = {^£,p){d x U £ ^ 3 ) 5 

L ,e,/3 = dx^—^T] {u £t p)d tx U £) p ), 

-h,£,/? Pv {'^£,^9 x u £t pdf x u £ ^, 

h,£,/3 d x {@ T) { u £,fi)dtxxx u £,fi) 1 

16,e,/3 ~P V ( u £,/3)^x u £,/3^ xxx U £ ^. 

Following TheoremEU we have that h, e ,/3, h,e,/3, h,e,p 0 in H~ 1 ((0,T)xR), {l2, e ,ph,P >0 
is bounded in L 1 ((0,T) x M), h,e,p ^ 0 in L 1 ((0,T) x R). 

Arguing as Theorem 12.11 we get (13.61) and (13.71) . □ 
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where 


(3.15) 


